The nonlinear evolution of the "Parker" instability in accretion disks and galactic gas disks is studied by using a two-dimensional magnetohydrodynamic (MHD) code. The gas layer is assumed to be located at some distance from a point mass which is the origin of gravity. The magnetic fields are assumed to be parallel to the disk plane in magnetostatic equilibrium. The sound and Alfvén speeds are taken to be spatially uniform in the initial state. The most unstable mode (À x = vl max ) as well as other modes (À x =£ >l max ) are examined in detail. It is found that nonlinear stages of the instability are generally classified into two cases: nonlinear oscillation and shock wave formation. The former occurs for short-wavelength modes, À x < while the latter arises for long-wavelength modes, A x > À c . Here A c (3.5ß -h 6)H (>/l max for ß > 3), where H is the half-thickness of the disk and ß is the ratio of gas pressure to magnetic pressure. The period of the nonlinear oscillation is ~H/V Z , where V z (~0AV¿) is the vertical velocity of the magnetic loop in the nonlinear stage. In high-/? (>3) disks, the wavelength of the nonlinear oscillation increases with time owing to the nonlinear coupling. When X x becomes comparable to Á c (>¿ max ), shock waves are formed and nonlinear oscillations are damped. In low-/? (<3) disks, shock waves appear when À x ~ 2 max , and the system evolves into a quasi-static state. Thus the length of magnetic loops in final equilibrium is roughly max (A c , A max ). Applications to magnetic loops in accretion disks and in galactic disks are briefly discussed.
magneto-acoustic-gravity oscillations are excited in a gas pressure-dominated disk (i.e., a high /? > 3 disk).
The shock waves are formed in a low-/? disk because the downflow velocity is comparable to the Alfvén speed and exceeds the sound speed in the nonlinear regime. On the other hand, shock waves do not occur in a high-/? disk, because the initial Alfvén speed is less than the sound speed.
The purpose of this paper is to extend the study by Matsumoto et al (1988) to more general cases (À x ^ /l max ) in order to clarify the mechanism and the condition for the generation of both nonlinear oscillations and shock waves. Here À x is the horizontal wavelength of the initial perturbation, and 2 max is that of the most unstable mode. It is found that shock waves occur even in gas pressure-dominated disks (/? > 3) if the wavelength of the initial perturbation is longer than the most unstable wavelength (À x > 2 max ). Even when the most unstable mode is dominant at the initial stage, the longer wavelength modes are excited and eventually dominate in the nonlinear stage. Shock waves then appear in such gas pressuredominated disks, and the system evolves into quasi-static magnetic loops (arches) with the size determined from the condition for the occurrence of shock waves. This size of the magnetic loops (arches) is longer than the wavelength of the linearly most unstable wavelength for /? > 3. Hence, the previous discussion on the size of the magnetic loops (arches) or the interval of interstellar cloud complexes (e.g., Parker 1966 Parker , 1969 Parker , 1979 Mouschovias 1974; Mouschovias, Shu, and Woodward 1974) should be reexamined on the basis of the results in this paper.
In § II, we summarize the assumptions and numerical procedures. The numerical results are described in § III, and their physical interpretation is discussed in § IV. Summary and astrophysical applications are given in § V. 259
IL BASIC EQUATIONS AND NUMERICAL METHODS a) Model of Gas Layers in Accretion Disks and/or
Galactic Disks We consider a model for a local part of the magnetized gas layer around the equatorial plane in accretion disks and/or galactic disks Matsumoto et al. 1988 ). Taking two-dimensional Cartesian coordinates (x, z), we assume that the x-direction is in the azimuthal direction and that the z-direction is vertical to the equatorial plane of the disk. The gravitational field is assumed to be produced by a point mass, M, at x = y = z = 0. The gas layer is situated at y = R. Then, the gravitational acceleration vector in the x-z plane of the gas layer is parallel to the z-direction, and its z-component is given by g(z) = GMz/(R 2 + z 2 ) 3/2 ,
where R is the distance between the central mass and the gas layer. We neglect the radial dependence and the effects of selfgravity, curvature of unperturbed field lines, shear flow, and rotation of the disk.
b) Assumptions and Basic Equations We assume the following: (1) the medium is an ideal gas, (2) the gas is isothermal, (3) the magnetic field is frozen into the gas, (4) only two-dimensional motion in the x -z plane are allowed, i.e., V y , B y and d/dy are all zero. Thus, the basic equations are dp
and P = pc 2 s ,
where g = g{z) is the gravitational acceleration, C s is the isothermal sound speed, and other symbols have their usual meanings. Equations (l)-{6) are nondimensionalized by using the normalizing constants AE, C s , and p 0 (the density on the equatorial plane of the disk, z = 0). The units of length, time, and velocity are jR, R/C s , and C s , respectively. The gas pressure, density, and magnetic field strength are normalized by p 0 C s 2 9 p 0 , and (Po C s 2 ) 112 , respectively. c) Boundary and Initial Conditions We assume periodic boundaries at x = 0 and x = X and a free boundary at z = ± Z. The total area is 0 < x < X and -Z < z < Z, where X = 7.95 and Z = 9.4 in a typical model D 0 . The effect of the free boundary is small.
We assume the unperturbed equilibrium state to be a magnetostatic isothermal disk where magnetic fields are parallel to the x-axis (the equatorial plane of the disk). The sound speed (C s ) and Alfvén speed (V A ) are taken to be constant in the equilibrium disk. Then the distribution of the density and the magnetic field strength are expressed as
and
where
We have two model parameters ß and €, the latter of which is fixed (e = 6) for all our calculations. At the initial stage, small perturbations are imposed on the equilibrium disk at i = 0. The perturbations have the same distributions as the linear eigenfunction of the fundamental mode except in model D 0L and have an amplitude of 0.01 C s for the maximum value of the velocity.
d) Numerical Procedures Equations (l)-(6) are solved numerically by a modified LaxWendroff scheme (Rubin and Burstein 1967) with artificial viscosity (Richtmyer and Morton 1967) .
The mesh sizes are Az = 0.05-0.1, Ax = X/(N x -1), where N x is the number of mesh points in the x-direction. The total number of mesh points is, for example, (N x x N z ) = (51 x 82) for model A 0P , and (101 x 142) for model A 0M . The total mass and the total energy are conserved within 1 % of initial values for all models described in this paper (See Appendix A for the definition of the total energy).
III. NUMERICAL RESULTS
We first summarize the results of our numerical simulations in Figure 1 , which shows the condition for the occurrence of shock waves or nonlinear oscillations in the parameter space (ÀJH -ß diagram). Here H is the local density scale height defined at the point of maximum gravity; i.e., H = c s \l + l/j8)/0 max , where g max = 0.385GM/AE 2 . The circles denote the models yielding nonlinear oscillations, and the crosses represent those where shock waves are formed. The models indicated by the triangles yield both shock waves and nonlinear oscillations. The model parameters and some typical results are summarized in Table 1 .
Nonlinear oscillations occur even in low-/? ( < 3) disks (see, e.g., model A 0P ) if the wavelength is smaller than that of the most unstable mode (À x < A max ). On the other hand, shock waves are generated also in high-/? ( > 3) disks (e.g., model G 0M ) if the wavelength is longer than 2 max .
Characteristics in the nonlinear development of the instability will be described in the following subsections for some typical cases with À x ^ ¿ max . The typical cases for shock waves Figure 2 shows the time evolution of the two-dimensional distribution of magnetic field lines, velocity vectors, and density in model A 0P , where the parameters are À x = 0.67A max = 4.1, € = 6, and ß = 1. This model is the shortwavelength version of model A 0 shown in Appendix A. As the instability develops (0 < i < 9), gas slides down along the G3 W Notes.-k x and k max are the wavelength of the imposed perturbation and the wavelength of the most unstable mode, respectively. The computed region X is equal to k x except for model D 0L , where X = 2k x . The units of length and velocity are R and C s , respectively. The term x g ( = l/co) is the linear growth time in units of t 0 = R/C s ; t osc is the observed period of the nonlinear oscillation.
-0.75 C s Fig. 2 .-The time evolution of model A 0P , whose model parameters are k x = 0.67k max , ß = 1, and e = 6. The left, middle, and right panels show the magnetic field configuration, velocity field, and density contours (log p), respectively. The units of length, velocity and time are in terms of R, the distance to the gravitating center; C s , the sound speed; and t 0 = R/C s . The time is shown on the left side of each panel. The magnetic flux between magnetic field lines is constant. The scale of the velocity vector is shown below the last frame of the middle panel in units of C s .
expanding magnetic loops, forming dense clouds in the magnetic pockets between loops. The magnetic field line initially on the equatorial plane is bending across it, and the density distribution is antisymmetric to z = 0. This odd z-symmetry 5 is -the characteristic feature of the most unstable fundamental mode of the Parker instability Chagelishvili, Lominadze, and Sakhadze 1988) . The maximum speed of the downflow is about 0.11C S (i.e., subsonic), so that shock waves are not produced. Compare this with model A 0 , where strong shock waves are formed because of a supersonic down- flow (~1.3C S ). After t= 10.4, the direction of gas motion reverses. The magnetic loops are pulled back toward the equatorial plane, and gas flows upward along the loops. Around t ^ 15, magnetic field lines become nearly horizontal, and gas motion disappears. Then, the dynamical behavior similar to that during 0 < i < 15 is repeated after i = 15. At later times, the system shows a quasi-periodic oscillation with a period of about 10. Figure 4 shows the two-dimensional distribution of the magnetic field lines, the velocity and the density. Figure 5 shows the time variation of various energies.
In this case, the maximum speed for the horizontal velocity of the downflow along the expanding magnetic loop is 2.1C S and is larger than that (1.3CJ for À x = A max (model A 0 in Appendix A and Matsumoto et al. 1988) . Thus shock waves are generated just below the downflow. On the other hand, Figure  5 shows that the magnetic energy and the total energy substantially decrease after i = 10. The total energy decreases because of energy dissipation through isothermal shock waves (See Appendix B).
The magnetic energy substantially decreases in model A 0M because of the longer wavelength (À x = 2¿ max ), while the magnetic energy does not decrease much in the most unstable modes . The top of the magnetic loop is higher for longer wavelengths because the rise velocity of the loops is saturated when B z ~ B x near the disk. That is, because of the longer wavelength, a larger part of the magnetic flux expands so that the total magnetic energy is reduced more than that of the shorter wavelength modes. Similarly, the larger velocity of the downflow is due to the effect of the longer Figure 6 shows the results for model F 0 , where the model parameters are ß = 2, X x = ¿ max , and e = 6. The most interesting result in this model is the coexistence of shock waves and nonlinear oscillations. That is, the maximum horizontal speed of the downflow is 1.23C S at i = 13, and thus shock waves are produced (see the density in Fig. 6 at i = 12.8 and 14.3). In spite of the presence of shock waves, the flow vector reverses the direction during t = 15.5-18. The magnetic field lines are also slightly pulled back toward the equatorial plane. After t = 20, the downflow appears again, and the system undergoes weak nonlinear oscillations.
The nonlinear oscillations are best illustrated in Figure 7 , where the time variations of various energies are shown. The amplitudes of the oscillations decrease with time because of energy dissipation through shock waves.
d) Excitation of Long-Wavelength Mode by Nonlinear
Mode Coupling Now we consider the effect of the nonlinear coupling between the waves (oscillation modes). between the 2/l max and A max modes. The maximum downflow speed (~ 0.96CJ is much larger than that in model D 0 . Figure 9 shows the time variations of various energies in this model, indicating that the oscillation period gradually increases with time. The gravitational energy also gradually decreases with time, and the final energy (at t = 120) is much Oscillation Case and the Shock Wave Case We examine the physical meaning of the dividing curve between the two cases (nonlinear oscillation and shock wave) in the ÀJH -ß space (Fig. 1) . According to the results in the previous section, nonlinear saturation occurs when B z ~ B x near the disk, i.e., the angle between field lines and vertical lines becomes comparable to tc/4. Roughly speaking, the physical quantities grow exponentially up to this point (t ^ ij). After that, the growth of all physical quantities stops. Hence, the downflow velocity becomes maximum at t ~t v We then have V x max ~ VJtJ ~ ^(0) exp (cot,) and B z , max ^ ~ B z (0) exp Icol [ ). Since B z ma JB x ~ 1 when t ~ we obtain
Using linear theory to evaluate V x (0)/B z (0\ we obtain
where v x and b z are eigenfunctions . If this ratio is larger than unity, the maximum speed of the downflow is supersonic, so that shock waves will be generated. Otherwise, it is subsonic, and hence the system shows nonlinear oscillations. In order to confirm this, we show the curve with constant ratio (vJC s ) mil J(b z /B x ) milx =1.0 (the dash-dotted curve) in Figure 1 . This curve nicely divides the two cases of shock wave and nonlinear oscillation, as expected. The curve is approximated by the following formula, ÀJH -3.5ß + 6 . Consequently, the classification of the two cases (shock wave and nonlinear oscillation) is understood on the basis of the characteristics of linear instability. Table 1 shows that periods of nonlinear oscillations (t osc ) do not correlate with the Alfvén transit time over horizontal wavelength (A x ). Hence the oscillation is not an Alfvén-type oscillation. The periods correlate rather with the linear growth time (T g ), and they are written as Tosc ^ (4-6) xt 9 .
b) Period of Nonlinear Oscillation
In the parameter range of concern in this paper, the linear theory (e.g., Horiuchi et al. 1988 ) predicts T, ^ 3H/V a .
We then obtain T osc -15 x H/V a ^ H/(0AV a ) .
(17) The value of 0.11^ is approximately equal to the average vertical velocity of magnetic loops in the nonlinear oscillation. Consequently, it is suggested that the period of the nonlinear oscillation is determined from the period of the vertical motion of a magnetic loop with a velocity of 0.1 This oscillation is similar to the motion of a particle in the double well potential shown in Figure 11 . At the initial stage, the particle is located near x = 0 and has total energy, £ 0 , equal to or slightly less than zero. Since the potential should have a form -a> 2 x 2 /2 around x = 0, we assume the following functional form of the potential :
The dissipation due to shock waves or wave emission can be simulated by a drag force, ax. Then the equation of motion for the particle is
First consider the situation when a = 0 (no dissipation). If the initial energy is zero, then equation (19) implies that the particle takes an infinite amount of time to return to the initial state. If the initial energy is instead slightly negative (E 0 < 0), then equation (19) implies that the particle oscillates in the potential well. Next consider our actual case where a # 0. Now even if the initial energy is zero, the particle still oscillates in the well since it loses energy (i.e., evolves into an £ < 0 state) via the dissipation. Thus in our case the particle always oscillates in the system. The particle undergoes damping oscillation with frequency oe l ^ ^/(2)a>, where co ^ is the linear growth rate of the Parker instability. The period of the oscillation is, therefore, t z = 2n/(Oi ^ 3y/(2)nH/V A ~ 13H/V A , which agrees with the simulation result given in equation (17). The maximum velocity of the particle is Knax = «W/V2 CX V/JA .
(20) This value is also consistent with the maximum velocity found from simulations.
V. SUMMARY AND DISCUSSIONS a) Summary
By extending the previous work of Matsumoto et al. (1988) , we have studied the general properties of the nonlinear time evolution of the Parker instability of a gas layer, situated in a gravitational potential produced by a point mass. Cases with l x # 2 max were examined in detail, in contrast to , who studied only the case of the most unstable modes (À x = ¿ max ). Our main results are summarized as follows.
1. The nonlinear stages of the instability are generally classified into two cases. One is the type in which the nonlinear oscillation arises, and the other is the type in which a shock wave is generated. The nonlinear oscillation occurs for shortwavelength modes, À x < À c ~ (3.5/? + 6)H, while the shock wave appears in the longer wavelength modes (k x > X c ). The wavelength X c is longer than the most unstable wavelength, ¿max, when ß > 3.
2. The separation into two regimes (nonlinear oscillation or shock wave) is understood on the basis of the property of the linear eigenfunctions. When {vJC^m ilx < (b z /B x ) m¡lx , the nonlinear oscillation occurs, where v x and b z are linear eigenfunctions. This regime corresponds to the high-/? disks or the short-wavelength mode. On the other hand, the shock wave appears when (v x /C s ) max > (b z /B x ) max9 which corresponds to the low-/? disks or the long-wavelength modes.
The nonlinear oscillation results from combined effects of magnetic tension force and gas pressure force, both of which act as a restoring force. For shorter wavelength (À x < A max ), the restoring magnetic tension and pressure forces become large, so that the nonlinear oscillation is excited. On the other hand, for longer wavelengths (À x > A max ), shock waves appear in the downflow along the magnetic field line. Since a large part of the kinetic energy of the downflow is lost in the isothermal shocks, the occurrence of these shocks leads to a decrease in the gas pressure in the magnetic pocket region. Consequently, the restoring (magnetic tension plus gas pressure) forces cannot be large enough to excite a nonlinear oscillation, and the system settles down to a quasi-static state.
From an energetics points of view, the nonlinear oscillation is due to the conservation of the total energy. When the total energy is conserved, the system undergoes nonlinear oscillation in the potential well. However, if shock waves are produced, the total energy is not conserved because we have adopted an isothermal equation of state that mimics the effects of radiative losses (Appendix B), leading the system into a new equilibrium state . That is, the nonlinear oscillation is damped if the total energy of the system is dissipated. In this sense, not only shock waves but also wave emission damp the nonlinear oscillation. Shock waves occur for longer wavelength modes or for low-/? disks. Since the maximum downflow speed is determined by the nonlinear saturation of the instability which occurs when B z ~ B x near the disk, shock waves occur for longer wavelength modes; i.e., the maximum height of the magnetic loop is higher for longer wavelength modes. Because the maximum downflow speed is determined by the height of the loop, the downflow speed is larger for longer wavelength modes.
3. The nonlinear coupling between the modes generates the longer and shorter wavelength modes. Since modes shorter than the critical wavelength are stable against the Parker instability, the energy included in such short-wavelength modes is small. When the longer wavelength modes are allowed to be excited, the energy in the shorter wavelength modes is transferred into the longer wavelength oscillations despite the smaller growth rate of the longer wavelength oscillations. Since shock waves are generated for longer wavelength oscillation as discussed above, the nonlinear oscillation eventually ceases to exist. Consequently, it is suggested that the nonlinear oscillation is a short-lived phenomenon as long as there is no reflecting boundary (e.g., molecular clouds in galaxies) on both sides of the nonlinearly oscillating region. b) Discussion Here, we briefly discuss the several effects not discussed in the previous sections. In this paper, we fixed e = 6, although € is estimated to be of order 1000 in the actual galactic disks and thin accretion disks. When e is large, the density and the (gas and magnetic) pressure decrease steeply in the atmosphere of an isothermal disk with a constant Alfvén speed. Thus, the MHD fast wave excited by the instability evolves to a strong shock wave, when the wave propagates into the low-density region . For this reason, the numerical simulation of the model with € = 1000 is very difficult, and hence we did not examine this regime in the previous section. Here we will try to clarify whether the nonlinear oscillation occurs or not in high-e disks, without performing numerical simulations of this case. Shibata et al. (1989) examined the nonlinear evolution of the Parker instability of an isolated magnetic flux embedded in a gas layer stratified under constant gravitational acceleration. Since constant gravitational acceleration corresponds to € = oo, their results may be applied to our problem. According to Shibata et al. (1989) , the magnetic flux does not cease to expand, i.e., the instability is not saturated in the nonlinear stage. Thus we suppose that the nonlinear oscillation may not occur in high-6 disks. Magnetic fields tend to be current-free in high-€ disks, so that the free energy causing the nonlinear oscillation may be rapidly lost. Shibata et al. (1989) also showed that if there is a highpressure corona above the magnetized gas layer, the rise motion of magnetic flux is decelerated after the flux enters the corona. This means that the corona acts as a stabilizing (saturation) agent of the Parker instability (see also Matsumoto et al. 1990) . Thus if there is a corona above a high-e (~ 1000) disk, nonlinear oscillations will be excited because of the effect of the corona. The key physical parameter is Pdisk/Pcorona» the ratio of the gas (or total) pressure at the disk equator to that of the corona. This is because e = in an isothermal disk (see eq.
[8]). In a disk-corona system, we can approximate p corona ~ because the pressure scale height in the corona is much larger than that in the disk. Hence, the parameter In (p disk /p corona ) in a disk-corona system is approximately equal to € in an isothermal disk. For this reason, the nonlinear oscillation would occur for smaller p diS ]Jp corona (or smaller e) values. Since the existence of the hot corona is very likely for both galactic disks and accretion disks, the nonlinear oscillation would occur in both disks. This more realistic case will be examined in the future.
c) Astrophysical Implications
Up to now, it has been believed that the length of the magnetic loops (or the interval of the magnetic pockets) resulting from the Parker instability is determined by the most unstable wavelength in the linear theory (e.g., Parker 1966; Mouschovias, Woodward, and Shu 1974) . However, as discussed in § III, the final length of the magnetic loops created by the Parker instability is not determined by the linear theory, but instead is determined by the nonlinear effects when the initial ß is larger than 3. The linear theory applies only when /? < 3. From 
À/H -3.5ß + 6 when ß>3 .
We apply this result to the size of magnetic loops in galactic disks and accretion disks.
In galactic disks with scale height ET ^ 100 pc, we obtain A -15ET -1.5 kpc for ß -1, while À -24-41# -2.4-4.1 kpc for ß ~ 5-10. Thus, we predict that the magnetic loops in the interarm regions (ß ^3-10) of the disks in spiral galaxies have larger size than those in arm regions (ß ^ 1) by a factor of 1.5-3. We should note that these numbers may not apply to a cloudy interstellar medium, which is distinct from a continuum model. The qualitative picture, however, will not be different from our model. In accretion disks with e ^ 1000 (H/R ~ 6" 1/2 ^ 0.03), we find À ~ 15H ^ 0.5R ^ 27rR/10 when ~ 1. That is, 10 loops may be found on a circle with a radius r = R.
On the other hand, when ^ 10 in the disk, we find four loops on that circle (A ^ 41# ^ 1.3R ^ 2tlR/4). First, we show a typical case of nonlinear oscillation: the case of /? = 10.0, 6 = 6, and À x = À max . Although this case has already been reported in a previous paper , we discuss it again with more detailed analyses. The growth rate and the most unstable wavelength are 0.19 and 8.0 in units of CJR and R, respectively. Figure 12 shows time development of the two-dimensional distribution of magnetic field lines, velocity vectors, and density in this model. Since the maximum speed of the downflow is 0.28C S (i.e., subsonic), shock waves are not produced. Hence the system shows quasi-periodic oscillations with a period of ~ 30 in the nonlinear stage. Figure 13 shows time variation of various energies integrated over the computing domain for this case. These are corrected taking account of the energy flux across the boundary ). The definition of energies are as follows : where and where iß is the gravitational potential energy.
We find that (1) the changes in the magnetic (E m ) and kinetic energies (E k ) are much smaller than those in the gravitational (E g ) and heat energies (E h ), and that (2) the gravitational energy has comparable magnitude to the heat energy with opposite sign, while the kinetic energy is approximately equal to the change in the magnetic energy.
In order to understand the physics of the nonlinear oscillation, we decompose the various energies into their Fourier components. The results are summarized in Figure 14 , where the Fourier components in /l^-space defined in Appendix C are shown as a function of time. It is found that the oscillation of gravitational and heat energy come from the mode with = oo, while the magnetic energy dominates in 2 max mode. Thus, the oscillation (i.e., 2 max mode) is mainly driven by the magnetic energy. In other words, the magnetic field is twisted by the gas motion in the nonlinear phase of the Parker instability, and the stored magnetic energy produces the restoring magnetic tension force which is the origin of the oscillation. It should be noted that the oscillations in the quantities of the mode with A x = co are the manifestation of the nonlinear coupling between two ¿ max modes. Although the half-wavelength (2 max /2) mode is also excited by the nonlinear coupling between two A max modes, the energy of the half-wavelength mode is small. This is because the wavelength of the half-wavelength mode corresponds to the stable wavelength for the Parker instability. Figure 15 shows the results for model A 0 , where the parameters are A x = 2 max , /? = 1, and 6 = 6. In this case, the maximum downflow speed (~ 1.3CJ exceeds the sound speed so that shock waves appear at the footpoints of magnetic loops. Figure 16 shows time variation of various energies for model A 0 . The total energy decreases after i = 8, owing to the dissipation at the shock front, and the system evolves into a quasi-static state. W, B, and log p log/0 00-TtttttttttftttttttT t t t t t t t t t t r:L;: t/t 0 =9.74 When the adiabatic equation of state is adopted, the total energy defined by E k + E m + + E g , where is the internal energy, is conserved even if shock waves are produced. In this Appendix, we show that when we adopt an isothermal equation of state that mimics the effects of radiative losses, the total energy defined by equation (Al) is not conserved if shock waves are present in the system.
II. SHOCK WAVE (MODEL A 0 )
For simplicity, let us consider a one-dimensional flow in the x-direction. We neglect the effects of magnetic field and gravity. From the conservation equations of mass and momentum, we obtain 
is continuous within the integration region. In the following, we show that F is discontinuous across a shock wave. The RankineHugoniot relation across an isothermal shock wave is Pi -P2 ^2 » (B4) and
where the subscripts " 1 " and " 2 " denote the quantities before and after the shock wave, respectively. From equations (B3)-(B5), we obtain f 2 -f 1 = (B6)
Since V 1 > C s9 we find F 2 < Fi across the shock wave. Thus the total energy, E, decreases with time if the shock wave exists.
APPENDIX C FOURIER ANALYSIS OF VARIOUS ENERGIES
The variables are decomposed into a Fourier series as, for example, N x /2 P= £ p(l)cos(2nlx/X), 1 = 0 (Cl)
